Abstract. We give a concrete formula for the unique faithful trace on the finite simple non-AF labeled graph C * -algebra C * (E Z , L, E Z ) associated to the ThueMorse sequence (E Z , L). Our result provides an alternative proof of the existence of a labeled graph C * -algebra that is not Morita equivalent to any graph C * -algebras. Furthermore, we compute the K-groups of C * (E Z , L, E Z ) using the path structure of the Thue-Morse sequence.
Introduction
In order to study the relationship between the class of C * -algebras and the class of dynamical systems, Cuntz and Krieger [6] introduced C * -algebras associated to shifts of finite type. Since then during the past thirty years there have been many generalizations of the Cuntz-Krieger algebras via a lot of different approaches. These generalizations include, for example, graph C * -algebras C * (E) of directed graphs E (see [4, 8, 15, 16] among others), Exel-Laca algebras O A of infinite {0, 1}-matrices A [7] , ultragraph C * -algebras C * (G) [20] , and Matsumoto algebras O Λ , O Λ * of one-sided shift spaces Λ over finite alphabets [17] . To unify aforementioned algebras, Bates and Pask [2] introduced a class of C * -algebras C * (E, L, E) associated to labeled spaces (E, L, E), which we call the labeled graph C * -algebras.
It is now well known that simple graph C * -algebras are classifiable by their Ktheories (see [19, Theorem 3.2] and [18, Remark 4.3] ), and are either AF or purely infinite (see [15, Corollary 3.10] ). Bates and Pask showed in [3] that there exists a unital simple purely infinite labeled graph C * -algebra whose K 0 -group is not finitely generated. Since the K 0 -group of a unital graph C * -algebra is always finitely generated, this example shows that the class of labeled graph C * -algebras is strictly larger than the class of graph C * -algebras up to isomorphism. On the other hand, the three classes of graph C * -algebras, Exel-Laca algebras, and ultragraph C * -algebras are known to be equal up to Morita equivalence [13] , and so the following question naturally arises: "Up to Morita equivalence, is the class of labeled graph C * -algebras still larger than the class of graph C * -algebras?" A negative answer to the question is given very recently in [12] by showing that there exist unital simple finite labeled graph C * -algebras which are neither AF nor purely infinite. (Note here that the property of being AF or purely infinite, simple is preserved under Morita equivalence.) 2. Preliminaries 2.1. Labeled graph C * -algebras. We follow the notational convention of [15] for graphs and of [1, 3] for labeled graphs and their C * -algebras.
A (directed) graph E = (E 0 , E 1 , r, s) consists of a vertex set E 0 , an edge set E 1 , range and source maps r, s : E 1 → E 0 . A path λ is a sequence of edges λ 1 λ 2 . . . λ n with r(λ i ) = s(λ i+1 ) for i = 1, . . . , n − 1. The length of a path λ = λ 1 λ 2 . . . λ n is |λ| := n and we denote by E n the set of all paths of length n. The range and source maps can be naturally extended to E n by r(λ) := r(λ n ), s(λ) := s(λ 1 ). We also denote by E * = ∪ n≥0 E n the set of all vertices and all finite paths in E. A vertex is called a source if it receives no edges and a sink if it emits no edges. Assumption 2.1. Throughout the paper, we assume that a graph has no sinks or sources.
Let A be an alphabet set. A labeling map L is a map from E 1 onto A. For a path λ = λ 1 λ 2 . . . λ n ∈ E * \ E 0 , we define it labeling L(λ) to be L(λ 1 ) . . . L(λ n ) and denote by L * (E) the set ∪ n≥1 L(E n ) of all labeled paths. Given a graph E and a labeling map L, we call (E, L) a labeled graph. The range of a labeled path α is defined by r(α) := {r(λ) ∈ E 0 : L(λ) = α}, and the relative range of α with respect to A ⊂ E 0 is defined by r(A, α) := {r(λ) ∈ E 0 : s(λ) ∈ A and L(λ) = α}.
Let B be a subset of 2 E 0 . If B contains all ranges of labeled paths, and is closed under finite union, finite intersection, and relative range, then we call B an accommodating set for (E, L) and a triple (E, L, B) a labeled space.
For A, B ⊂ E 0 and 1 ≤ n ≤ ∞, let
A labeled space (E, L, B) is said to be set-finite (receiver set-finite, respectively) if for every A ∈ B and 1
for all A, B ∈ B, then (E, L, B) is called weakly left-resolving. We will only consider the smallest accommodating set E which is non-degenerate (namely closed under relative complement). We also assume that (E, L, E) always is set-finite, receiver set-finite and weakly left-resolving. We define an equivalence relation
Moreover every set A ∈ E is the finite union of generalized vertices, that is,
for some v i ∈ E 0 , l ≥ 1, and n ≥ 1 (see [3, Let (E, L, E) be a labeled space. We define a representation of a labeled space (E, L, E) to be a set consisting of partial isometries {s a : a ∈ A} and projections {p A : A ∈ E} such that for a, b ∈ A and A, B ∈ E,
It was proven in [2, Theorem 4.5] that there always exists a universal representation for a labeled space. We call a C * -algebra generated by a universal representation of (E, L, E) a labeled graph C * -algebra C * (E, L, E).
γ denote the fixed point algebra of the gauge action. It is well known that C * (E, L, E) γ is an AF algebra and
Moreover, since T is a compact group, there exists a faithful conditional expectation
2.2. The Thue-Morse sequence. We interchangeably use the terms 'block' or 'word' with the term 'path'. Given an infinite path x = . . . x −2 x −1 .x 0 x 1 x 2 . . . or a finite path x = x 1 x 2 . . . x |x| , we write x [m,n] for the block x m x m+1 . . . x n for m < n.
Recall that the (two-sided) Thue-Morse sequence ,7] := ω 0 ω 1 ω 2 ω 3ω0ω1ω2ω3 = 01101001 and so on, and then ω −i :
be the following labeled graph labeled by the Thue-Morse sequence:
For a path α = α 1 . . . α |α| ∈ L * (E Z ), we also write
2.3. Labeled graph C * -algebra associated to the Thue-Morse sequence.
From now on, we mainly consider the labeled space (E Z , L, E Z ) and the labeled graph C * -algebra C * (E Z , L, E Z ) associated to the Thue-Morse sequence. Clearly the C * -algebra C * (s a , p A ) := C * (E, L, E) is unital with the unit s 0 s * 0 + s 1 s * 1 and is known to be a simple C * -algebra which is finite but not AF (see [11, Example 4.9] and [12, Theorem 3.7] ).
It is useful to note that
Actually since the graph E Z consists of a single bi-infinite path, it is easy to see that for each v ∈ E 0 , L(E l v) = {α} is a singleton set and so [v] l = r(α). Equivalently,
Thus every set A ∈ E Z is a disjoint union of r(α i ) for i = 1, . . . , n by (1). Moreover, we can assume that the lengths |α i | are all equal since r(α) = r(0α) r(1α). Hence (2) follows. Furthermore for α, β ∈ L * (E Z ) with |α| = |β|, the intersection of two range sets r(α) ∩ r(β) is nonempty if and only if α = β. That is, s α p r(µ) s * β = 0 for |α| = |β| < |µ| if and only if α = β and ∅ = r(µ) ⊂ r(α). Note that r(µ) ⊂ r(α) if and only if µ = βα for some β ∈ L * (E Z ). From this observation, we have
Remark 2.4. We will use in the Section 4 the following structural properties of the AF algebra
be the inclusion map:
Then the AF algebra
This directly follows from the fact that the product of two elements
Labeled paths on the Thue-Morse sequence
For b, c ∈ L * (E Z ) with |c| = n, the product b×c denotes the block (of length |b|×|c|) obtained by n copies 
for all n, inductively. Then the length of i (n) (i = 0 or 1) is 2 n , and
.
, if n is even for i = 0, 1. Using the notation, we see that this Morse sequence has a fractal aspect:
Lemma 3.1. Let α be a labeled path in L * (E Z ). Then both α −1 and α appear in L * (E Z ). Furthermore, r(α) is always an infinite set.
Proof. If α ∈ L * (E Z ), then we can find n, m ∈ Z with n < m and α = ω [n,m] . Thus
the labeled path α is in L * (E Z ). Moreover 1 (2l+1) appears infinitely many times (see (4) ), so that r(α) is infinite.
Remark 3.2. We emphasize from [9] that the (two-sided) Thue-Morse sequence is overlap-free: for any β ∈ L * (E Z ), the labeled path of the form βββ [1,n] with n ≤ |β| does not appear in L * (E Z ). Thus s βββ [1,n] = p r(βββ [1,n] ) = 0. For example, neither 1001000 nor 1001001 = (100)(100)1 appear in the Thue-Morse sequence, and hence 100100 / ∈ L * (E Z ).
Lemma 3.3. If α has length 2 n and i
Proof. We use an induction on n. When n = 0 or 1, it is easy to see that the assertion is true. Now we assume that the assertion holds for all n ≤ N (N ≥ 1), and let
with |α| = 2 N +1 . Then β can be written as
with |α 1 | = |α 2 | = 2 N . From the induction hypothesis, α 1 α 2 must be of the form j
and such β can not be contained in
Therefore we obtain that α 1 α 2 = 0 (N ) 0 (N ) and it follows that α 1 α 2 = 1 (N ) 1 (N ) by considering β. Hence α is either 0 (N +1) or 1 (N +1) .
Finally, the case α i
Lemma 3.3 implies that if we choose a long labeled path (long enough to contain at least two consecutive i (n) -blocks), then its succeeding and preceding labeled paths must have certain forms. This is no longer true in general, for ex-
One can observe from the definition of the Morse sequence that ω [2k,2k+1] is neither 00 nor 11. Also any labeled path of length 5 must contain 00 or 11. Thus if α = α 1 . . . α |α| is a path of length |α| ≥ 5, then we can actually figure out whether α 1 = ω 2k or not (namely, α 1 = ω 2k+1 ) for some k. Therefore if α = α 1 . . . α 5 , then α can be uniquely written in the form using i (1) -blocks. For example, α = 01101 then α = (01)(10)1 = 0
2 for any i 1 , i 2 ∈ {0, 1}. We can extend this fact to the i (n) -blocks for n ≥ 1.
for some n > 0. Then α is written as one and only one of the following forms:
Proof. The proof directly follows by substituting i (n) for i.
By Lemma 3.3 and Lemma 3.4, we can write any labeled path in L * (E Z ) using i (n) -blocks. Proposition 3.5. Let α be a labeled path with length |α| ≥ 2. Then there exists n ≥ 0 such that
where γ 0 is a final subpath of 0 (n) or 1 (n) , and γ 1 is an initial subpath of 0 (n) or 1 (n) with length 0 ≤ |γ 0 |, |γ 1 | < 2 n (n is not necessarily unique). Moreover, if we fix such an n, the expression of α in i (n) -blocks is unique.
Proof. For 2 ≤ |α| ≤ 4, let n = 0. If |α| = 5, Lemma 3.4 shows that n = 1 is the desired one. Now we assume that 6 · 2 n ≤ |α| ≤ 6 · 2 n+1 for n ≥ 0. Since |i (n) | = 2 n and 6 ≤ |α|/|i (n) | ≤ 12, α contains at least 5 and at most 12 of i (n) -blocks. Thus α can be written as
Applying Lemma 3.3 and Lemma 3.4, we can reduce the number of i (n) -blocks to have
If l ≥ 5, then we apply lemmas again and we see that α contains at least two and at most four blocks of 0 (n) , 1 (n) . Lemma 3.3 implies that γ 0 and γ 1 are subpaths of 0 (n) , 1 (n) . We now prove the uniqueness of the expression. If α has two different expressions in i (n) -blocks as in (6) 
Example 3.6. Let α = 00101101001011001101001100101100 be a labeled path in L * (E Z ). Note that α [1, 2] = 00 is not equal to 0 (1) or 1 (1) . Thus by Lemma 3.4, α can be written in the following form using i 
(Note here that two consecutive i
blocks between '/' form a i
block.) Applying Lemma 3.4 repeatedly, we obtain
where γ 0 = 00 (1) 0 (2) = 0010010 is a final subpath of 1 (3) = 10010110, and γ 1 = 0 is an initial subpath of 0 (3) = 01101001. If αβ 1 ∈ L * (E Z ) for some labeled path β 1 of length 2 3 − 1, then by Lemma 3.3, γ 1 β 1 = 0β 1 = i (3) for some i = 0 or 1. Thus
, and we have β 0 = 1. Thus
, we now see that β 0 αβ 1 = ω [8, 47] and α = ω [9, 40] .
Notation 3.7. We define A m αA n to be the set
for m, n ≥ 0. We identify A m α with A m αA 0 and αA n with A 0 αA n .
We finish this section by proving the following lemma which is necessary in the next section to show that C * (E Z , L, E Z ) has a trace.
Lemma 3.8. Let α be a labeled path with length |α| ≥ 2. Then the cardinality of the set AαA is 1, 2, or 4.
Proof. We show that |AαA| ≥ 3 implies |AαA| = 4. If 0α / ∈ L * (E Z ), then AαA ⊂ {1α0, 1α1} and |AαA| ≤ 2. Similar arguments with the cases 1α
. We know from Proposition 3.5 that the path α can be written as
for some n ≥ 0. If 0 < |γ 1 | < 2 n , Proposition 3.5 also shows that γ 1 j 1 (j 1 = 0 or 1) is an initial subpath of i (n) for some i = 0 or 1, and thus j 1 is uniquely determined by γ 1 . This implies that |AαA| ≤ 2. Hence when |AαA| ≥ 3, γ 1 should be an empty word and similarly, so is γ 0 . Thus if |AαA| ≥ 3, we can write
for some n. It is an easy but time-consuming work to show that there exist only four labeled paths α
satisfying |AαA| ≥ 3, and in each case one can show that |AαA| = 4 by a straightforward computation.
The trace on the labeled graph
The following lemma shows that every faithful state on C * (E Z , L, E Z ) γ (or on χ) with the above property extends to a tracial state on
we denote the set of all faithful tracial states on a C * -algebra D.
Lemma 4.1. Let S := S(C * (E Z , L, E Z )) be the set of tracial states of C * (E Z , L, E Z ) and let
Then the restriction maps φ 1 : S → S γ and φ 2 : S γ → S χ are bijections with the inverses φ −1
Proof. To prove that φ 1 is injective, it is enough to show that
Let s α p A s * β ∈ C * (E Z , L, E Z ) with |α| = |β|. Without loss of generality, we may assume that |α| > |β|. Since τ is a trace, we have
and then
If we prove that τ • Ψ ∈ S for all τ ∈ S γ , then φ 1 is surjective. By the continuity of τ and Ψ, it is enough to show that
for X, Y ∈ span{s α p A s * β : α, β ∈ L * (E), A ⊂ r(α) ∩ r(β)}. Since τ and Ψ is linear, we are reduced to proving (7) 
Moreover, the equality s α p A s * β = δ∈L(AE n ) s αδ p r(A,δ) s * βδ yields that we only need to prove (7) when |β| = |µ|. Note from
Hence we may assume that |α| = |ν| and |β| = |δ|. Then we obtain that
and φ 1 is bijective.
Next, we prove that φ 2 is bijective. Let τ ∈ S χ . Recall from Remark 2.4 (i) that βα) ), and hence τ ∈ S γ . It is now obvious that φ 2 is bijective.
Remark 4.2. Let τ ∈ S χ . The equality r(α) = µα∈A m α r(µα) implies that
In addition, p r(α) = αµ∈αA n s µ p r(αµ) s * µ implies that
Combining these two, we obtain
for any m, n ≥ 0. For example, let α = 0101. Since A 2 α = {100101} and A 2 αA 2 = {10010110}, we have
By (2), any linear functional on χ = span{P A : A ∈ E Z } is determined by its values on the projections p r(α) , α ∈ L * (E Z ). Note that χ is a commutative C * -algebra which is the inductive limit of the finite dimensional C * -subalgebras χ k := span{P r(α) : |α| = k} ∼ = C |L(E k )| . Thus any continuous linear functional ψ : ∪ k≥1 χ k → C naturally extends to a linear functional on χ. Let φ be a linear functional on ∪ k≥3 χ k given by (i) φ(p r(α) ) = 1/6 for α with |α| = 3, (ii) for α with |α| ≥ 3,
Then φ is positive and of norm 1, hence it extends to a state on χ. Note that (ii) holds for all paths α ∈ L * (E Z ) except α = 0, 1. The paths 0, 1 are the only paths α such that |AαA| = 3. 
if α = 00, 11,
Proof. We will prove that the state φ on χ belongs to S χ . Then the assertion follows from Lemma 4.1. For this we first show that for any labeled path α,
We use the induction on the length of α. From the definition of φ, it is obvious that φ(p r(α) ) = φ(p r(α −1 ) ) for |α| ≤ 3. We now assume that this holds for all labeled path α with length |α| ≤ N for some N ≥ 3. Let j 0 βj 1 ∈ L * (E Z ) for some j 0 , j 1 = 0 or 1, and |β| = N − 1. By Lemma 3.8, we know that AβA is one of the following:
In case (ii), we have
The rest cases can be shown similarly. Then from the above observation, we have
which shows that φ ∈ S χ . This completes the proof.
Proposition 4.4. The traceφ on the C * -algebra C * (E Z , L, E Z ) is a unique trace.
Proof. By Lemma 4.1 and Theorem 4.3, it is enough to show that |S χ | ≤ 1. Let τ ∈ S χ and set
for n ≥ 0. (If two states on χ have the common values at p r(i (n) j (n) ) for all i, j = 0, 1 and n ≥ 0, then they are the same state.) We first show b n,1 = b n,4 < b n,2 = b n,3 . This particularly gives b 0,1 + b 0,2 = 1 2 . By Lemma 3.3, we have
and thus we have
. Similarly b n,2 > b n,1 can be shown, and from
we also see that b n,1 = b n+1,3 = b n+1,2 = b n,4 . Thus the numbers b n,k for n ≥ 0, k = 1, 2, 3, 4 are determined in a unique manner once b 0,1 is given. Now (8) gives us
and so
The state τ is faithful, so b n,1 and b n,2 must be strictly positive. Thus t = 1/6, and hence τ = φ.
Remark 4.5. By (9), the unique traceφ on
, and
By Proposition 3.5, every labeled path α with |α| ≥ 2 can be written in the form
We thus can computeφ(p r(α) ) for all labeled paths α using (10) . For example, α = x [10, 31] is written as
Note that for i (n) -blocks with a even number n, the first and last alphabets of i (n) are exactly i. For example, 0 (2) =0110 but 0 (3) =01101001. Therefore it is convenient to present the preceding alphabet of labeled paths:
We first briefly review the K-groups of labeled graph C * -algebras. We let Ω l = {[v] l : v ∈ E 0 }, and Ω = ∪ l≥1 Ω l be the set of all generalized vertices. By Z(Ω) we denote the additive group span Z {χ [v] 
Let (I − Φ) : Z(Ω) → Z(Ω) be the linear map defined by
Then the following is known in [1, Corollary 8.3] .
As shown in [12] , C * (E Z , L, E Z ) is isomorphic to the crossed product C(X) σ Z of a two-sided Thue-Morse subshift (X, σ), and hence
Combining (11) and Proposition 3.5, we can rewrite [p r(α) ] 0 as
(This expression need not be unique.) We begin with a relation between [p β i ]'s.
Moreover, if we let
then we have a n = 2b n+1 , b n = a n+1 + b n+1 , and a n = b n .
Proof. First notice that the equality (11) yields that
The equality
shows that (13) holds. From this, we obtain that
and similarly
We already obtain from (15) that b n = a n+1 +b n+1 and from (16) that a n = 2b n+1 . Combining these we get a n − b n = −(a n+1 − b n+1 ) which then implies that a n −b n does not belong to Im(I−Φ), and hence a n = b n .
As a result, we have the following. Proposition 5.2. Let a n , b n (n ≥ 0) be elements in K 0 (C * (E Z , L, E Z )) given by (14) . Then the K 0 -group of C * (E Z , L, E Z ) is K 0 (C * (E Z , L, E Z )) = span Z {a n , b n : n ≥ 0, a n = 2b n+1 , b n = a n+1 + b n+1 } ∼ = lim From the Remark 4.5, we see that K 0 (φ)(a n ) = K 0 (φ)(b n ) = 1/(6 · 2 n ) for all n ≥ 0. Then the trace mapφ : C * (E Z , L, E Z ) → C induces a surjective (not injetive) group homomorphism
where Q(2 ∞ · 3) is an additive subgroup of Q consisting of the fractions x/y for x ∈ Z and y = 2 n 3, n ≥ 1. It is easily seen that
In this section, we introduce a representation of C * (E Z , L, E Z ) on the Hilbert space 2 (Z). Recall that the directed graph E Z is as follows: For a canonical orthnormal basis {v n : n ∈ Z} for 2 (Z), we define shift operators t 0 , t 1 on 2 (Z) by t i (v n ) = v n−1 , if L(e n−1 ) = i 0 otherwise. Then t 0 , t 1 are partial isometries which have mutually orthogonal ranges, and t 0 +t 1 is a bilateral shift on 2 (Z). Note that these two shift operators are not periodic. Proposition 6.1. There exists an isomorphism Φ : C * (E Z , L, E Z ) → C * (t 0 , t 1 ) such that Φ(s i ) = t i , i = 0, 1.
Proof. For a labeled path α ∈ L * (E), we define a partial isometry t α by t α 1 t α 2 · · · t α |α| , and a projection q r(α) by t * α t α . An easy computation shows that {t α , q r(α) : α ∈ L * (E)} is a representation of (E Z , L, E Z ). Hence there is a * -homorphism Φ : C * (E Z , L, E Z ) → C * (t 0 , t 1 ) which maps s i → t i . Obviously Φ is surjective. Since C * (E Z , L, E Z ) is simple, Φ is also injective.
In general, the above proposition is also true for arbitrary labeled graphs over E Z . Let A be an (countable) alphabet set and let L : E Z → A be an arbitrary labeling map. Then the shift operators {t a : a ∈ A} on 2 (Z) given by t a (v n ) = v n−1 , if L(e n−1 ) = a, 0, otherwise are well defined, and there exists an isomorphism Φ : C * (E Z , L, E) → C * (t a : a ∈ A) such that Φ(s a ) = t a for a ∈ A. To prove this, it is enough to show that Φ is injective.
Note that there exists a strongly continuous action λ : T → Aut(C * (t a : a ∈ A)) defined by λ z (t a ) = zt a for z ∈ T. Moreover it is easy to see that λ z • Φ = Φ • γ z , where γ is a canonical gauge action on C * (E Z , L, E). Therefore "The GaugeInvariant Uniqueness Theorem ([5, Theorem 2.7])" guarantees that Φ is injective.
